ON GEOMETRY OF FRAME BUNDLES 



KAMIL NIEDZIALOMSKI 

Abstract. Let (M,g) be a Riemannian manifold, L(M) its frame bun- 
dle. We construct new examples of Riemannian metrics, which are ob- 
tained from Riemaniann metrics on the tangent bundle TM. We com- 
pute the Levi-Civita connection and curvatures of these metrics. 



I. Introduction 

Let (M, g) be a Riemannian manifold, L(M) its frame bundle. The first 
example of a Riemannian metric on L(M) was considered by Mok [12] . 
This metric, called the Sasaki-Mok metric or the diagonal lift g d of g, was 
also investigated in J5] and [6j. It is very rigid, for example, (L(M),g d ) 
is never locally symmetric unless (M, g) is locally Euclidean. Moreover, 
with respect to the Sasaki-Mok metric vertical and horizontal distributions 
are orthogonal. A wider and less rigid class of metrics g, in which vertical 
and horizontal distributions are no longer orthogonal, has been recently 
considered by Kowalski and Sekizawa in the series of papers 0, QUI ELI]- 
These metrics are defined with respect to the decomposition of the vertical 
distribution V into n = dimM sub distributions V 1 , . . . , V". 

In this short paper we introduce a new class of Riemannian metrics on 
the frame bundle. We identify distributions V 1 with the vertical distribution 
in the second tangent bundle TTM. Namely, each map Ri : L(M) — > TM, 
Rt(ui, . . . ,u n ) = ui induces a linear isomorphism : H © V* — > TTM, 
where H is a horizontal distribution defined by the Levi-Civita connection 
V on M. By this identification we pull-back the Riemannian metric from 
TM. We pull-back natural metrics, in the sence of Kowalski and Sekizawa 
[5], from TM and study the geometry of such Riemannian manifolds. We 
compute the Levi-Civita connection, the curvature tensor, sectional and 
scalar curvature. 
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2. RlEMANNIAN METRICS ON FRAME BUNDLES 

Let (M, g) be a Riemannian manifold. Its frame bundle L(M) consists 
of pairs (x, u) where x = 7Tl(m)( u ) £ M and u = (it 1; . . . , u n ) is a basis of a 
tangent space T X M. We will write it instead of (x, it). Let ( x\, • • ■ , x^] be a 
local coordinate system on M. Then, for every i — 1, . . . , n we have 



for some smooth functions u\ on L(M). Putting «j = Xi o ttl(m), u J k ) is 
a local coordinate system on L(M). Let o> be a connection form of L(M) 
corresponding to Levi-Civita connection V on M. We have a decomposition 
of the tangent bundle TL(M) into the horizontal and vertical distribution: 

T U L(M) =U^ M) ®V^ M \ 

where % L ( M ) = keroj and V L ( M ) = ker7TL(M)*- Let X h denotes the horizontal 
lift of a vector field X on M. 

Decompose the second tangent bundle TTM into horizontal and verti- 
cal part, T^TM = Hj © , with respect to the connection map K : 
TTM — y TM and the projection in the tangent bundle htm '■ TM — y M, 
see for example [7] . Let X h '™ and X v '™ denote the horizontal and vertical 
lifts to TTM of a vector field X on M. 

For an index i — 1, . . . , n define a map Ri : L(M) — y TM as follows 

Ri(u) = Ui, u =(«!,..., u n ) e L(M). 
Ri is the right multiplication by a i— th vector of a canonical basis in M n . 

Proposition 2.1. TTie operator Ri has the following properties. 

(1) We /taue 

D vh _ vh.TM 
tt^JV — y\ 

In particular, R^ is an isomorphism ofH L ^ M > andU™ , 

(2) Let V 1 be a linear subspace of y L ( M ) spanned by fundamental ver- 
tical vectors A* , where the matrix A e gl(n) has only nonzero i-th 
column. Then R^ is an isomorphism ofV 1 and V™ , and is zero on 
yi for j 7^ i. Moreover, there is a decomposition 

V L(M) = v 1 © . . . © V n . 
Proof. Easy computations left to the reader. □ 



By Proposition 12. 1[ we have natural identifications 
l) X h <— >• x h '™ <— > X 
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and 

V i < — > V™ < — > TM 



(2.2) 



X v >* < — > X v >™ < — > X 



Hence, we have denned the vertical lift X v ' 1 e V 1 of the vector X e TM 
satisfying the property 



Ri,X v ' 1 = X v >™. 



Let c = (ci, . . . , c n ) E W n and C = (c^) benxn matrix. We assume 
that the (n+l) x (n + 1) matrix 



C 



1 c 
c T C 



is symmetric and positive definite. Let qtm be a Riemannian metric on 
TM. 

Now, we are able to define a new class of Riemannian metrics g = g e Q 
on L(M). Let F : L(M) ->■ TM be any smooth function. Put 

g(X h ,Y h ) u = g TM (X h >™,Y h >™) F{u) , 
g(X h ,Y^) u = c igTM (X h '™,Y^™) F{u) , 
<li.\ '■'•)-•■')„ = c ij9TM {X^™ \Y">™) nu) . 

Fix u E L(M). Let ei, . . . , e n be a basis in T X M, ir(u) = x, such that 
(ei)^,'™, . . . , (ei)^,'™ is an orthonormal basis in Hp^y Then 

(O "i\ P h p h v,l v ,l v,n v,n 

is a basis in T U L(M). Let G be a matrix of the Riemanian metric gxu with 
respect to the basis e h {™ , . . . , e%™ , e v {™ , e v f M . The fact that g is 
positive definite follows from the following lemma. 

Lemma 2.2. Let 

I q hv 



G = 



9 vh 9 



be a positive definite symmetric 2n x 2n block martix. Then the matrix 

G = 

is positive definite. 



I c® g vh 
c T ®g hv C ®g 



Proof. It suflicies to show that each principal minor Gk, k = 1, . . . , n + n 2 , of 
G is positive. Obviously det Gk — 1 > for k — 1, . . . , n. Hence we assume 
k > n. Then each minor Gk is of the same form as the whole matrix G, thus 
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we will make calculations using matrix G. Computing the determinant of 
the block matrix we get 

det G = det(C ®g — (c T g> g vh ){c g> ^)) 
= det(C ® 5 - (c T c) ® (g^g* )) 
= det((C - c T c) g> p + (c T c) <8) (5 - 

Since 

det(C-c T c) = detC > 0, 
det g > 0, 
det (c T c) > 0, 

det^-^V) = detG > 0, 

it follows that matrices (C — c T c) £§> <? and (c T c) £§> (<7 — g vh g hv ) are positive 
definite. Hence theirs sum is positive definite. □ 

If C — I and gxM is the Sasaki metric, then we get Sasaki-Mok metric 

g d . 

Assume now C = I and gxM is a natural Riemannian metric on TM 
[E1CE] such that g TM (X h ,Y h ) = g(X,Y) and distributions H™, V™ are 
orthogonal. Hence, there are two smooth functions a, (3 : [0, oo) — > R such 
that 

g(X h , Y h ) u = g(X, Y), 
g(X\Y v ' i ) u = 0, 

(2.4) g(X v '\Y^) u = 0, i^j, 
g(X v >\Y^) u = a(\F(u)\ 2 )g(X,Y) 

+ P(\F(u)\ 2 )g(X,F(u))g(Y,F(u)). 

The above Riemannian metric does not "see" the index i of the distribu- 
tion V\ Since all distributions U L{M) , V 1 , . . . , V n are orthogonal, it follows 
that we may put Fi(u) = Ui, that is consider a family of maps Fx, . . . ,F n 
rather than one map F, in the last condition, to obtain the positive definite 
bileinear form, hence the Riemannian metric, 

g(X\Y h ) u = g(X,Y), 

g(X h , Y v,i ) u = 0, 

(2.5) V . 

g(X v >\Y v *) u = 0, i^j, 

g{X v >\ Y v '% = a(\ Ui \ 2 )g(X, Y) + /?(k| 2 )s(X, Ui )g(Y, u t ). 
We will write and $ instead of ct(|iij| 2 ) and (3(\ui\ 2 ), respectively. 
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3. Geometry of g 

Let (M, g) be a Riemanniann manifold, (L(M),g) its frame bundle equipped 
with the metric g of the form (12.51) . Let V and R denote the Levi-Civita 
conection and the curvature tensor of g, respectively. 

We recall the identities concerning Lie bracket of horizontal and vertical 
wector fields [9] 

[X h ,Y% = [X,Y]*-Y,(R(X,Y)i 



)Uj) V,% 



(3.1) [X\Y v % = {V x Y)l\ 

[X v '\Y v ' j ] u = 0. 
Moreover, in the local coordinates, for X = we have 

(3-2) X h (ut) = 



a.b 



(3.3) X^ k {ul) = 

where T J ab are Christoffel's symbols [9]. 

Proposition 3.1. Connection V satisfies the following relations 





(v^)i-^Ew y K):' 

i 




| {R{u h Y)X) h u + {V x Yyj 


(V x ,,Y h ) u = 


^(R( Ul ,X)Y) h u 


(V x ^) u = 


fori^ j, 




a' 

-t {g{X, Ui )Y^ + g(Y, Ui )X^ 

OLi 



+ ( T\i a i2:, 9(X,uMY,u t ) + ft %r 9(X,Y)) U\ 
\ai{cti + \Ui\ z Pi) cti + \Ui\ z Pi J 

where U l u = u"' 1 . 

Proof. Follows from the formula for the Levi-Civita connection 
2g(V A B, C) = Ag{B, C) + Bg(A, C) - Cg(A, B) 

+ g([A, C], B) + g([B, C], A) + g([A, B], C) 
relations (13. ip and the following equalities 

X^(g(u u Y))=g(X,Y), 
X:>\\u l \ 2 ) = 2(X J u i ) J 

X^g( Ul ,Y)) = g( Ul .y x Y). □ 
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Before we compute the curvature tensor, we will need some formulas 
concerning the Levi-Civita connection V of certain vector fields. 

Lemma 3.2. The following equalities hold 
VxhU 1 = 0, 
V x ^U j = 0, 

= i on + Vji \u£{aiPi - a'A) + QiPi , -, TTl 

Vx».^ — A H — ; — — g{A,Ui)U . 

oii ai\a.i + \UiYPi) 

and 

V w (R(u t , X)Y f = W(i4)(R(u h X)Y f + uiV w (R(^, X)Y f 

j 3 3 

for any W G TL(M) and Q denoting the horiznotal or vertical lift. 
Proof. Folows by standard computations in local coordinates. □ 
Proposition 3.3. The curvature tensor R satisfies the following relations 
R(X h , Y h )Z h = (R(X, Y)Z) h + X - YpzR)(X, Y)u^ 1 

i 

i 

-2R(ui, R(X,Y)ui)Z) h , 
R(X\ Y h )Z^ = (R(X, Y)Z) V * + ^ ((V x R)(u h Z)Y - (V Y R)(u u Z)X) h 

- x Yl ( R ( x > R ( Ui > z ^ u i - R ( Y ' R ( Ui > z ) x ) u i) v,j 

j 

a'- 8- - a'- 

+ -lg(Z, Ul )(R(X, Y)u t r - 7, * 9(R(X, Y)Z, Ui )U\ 

R(X\ Y^)Z h = -± {{V x R){u u Y)Z) h - -(R(Z, X)Y)^ 

+ ^-g(Y, u t )(R(X, Z)u^ - | J2(R(X, R( Ui , Y)Z)u^ 



f " " -g(R(X,Z)Y, Ui )U\ 



2(aii + \ui\ 2 6i 
R(X h , Y v '')Z v ' j = (R( Ui , Y)R( Uj , Z)X) h 

R(X h , Y v ' i )Z v ' i = ^ (g(Z, u t )R(u u Y)X - g(Y, Ui )R( Ui , Z)X) h 



- £(R(ui, Y)R(u h Z)X) h - Z)X) 
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+ ^ r)Z - R{u h Y)R( Ui , X)Z) h 

+ a[(g(X, Ul )(R(u u Y)Z) h - g(Y, u t )(R( Ul , X)Z) h ) 

J>(X V >\ Y vd )Z h = {R{u h X)R{ Uj , Y)Z - R{ Uj , Y)R(u l7 X)Z)' 



R(X V >\ Y^)Z^) = Ci{g{X, Ui )g(Y, Z) - g(Y, Ui )g{X, Z))U { 
+ (A l9 (Y, Ui )g{Z, m) + B l9 (Y, Z))X^ 
- (A l9 (X, Ul )g(Z, m) + B l9 (X, Z))Y V ' 1 

R(X v '\Y v ' j )Z v ' k = if${i,j,k} > 1 

where 

_ 3(aQ 2 -2a t < 
l ~ a 2 + 

_ OjA - la.^ - (g-) 2 |^| 2 

Q!j(Q!j + \Ui\ 2 (3i) 

a -- 



{a i p' i -2a' i P i ){a i + \ 




2 «D 


a 2 {oii + 


Mil 


2 A) 



2a? 


, 3a i (aQ 2 + 2(aQ 2 p i \u i \ 


2 + a 2 /3- - ctiP 2 + ajQi-^Iwi 


2 


«i + 


Mi 


2 Pi ' a, (a* + 


Mi 


2 A) 2 ) 



Proof. Follows from the characterization of the Levi-Civita connection V 
and Lemma 13.21 □ 



Remark 3.4. Notice that 

AiCti - BPi = Ci(ati + \ui\ 2 Pi), 
which is equivalent to the condition 

g{R{X v ' i ,Y v ' i )Z v ' i ,W v ' i ) = g(R(Z v ' i ,W v ' i )X v ' i ,Y v ' i ). 

Corollary 3.5. Let X, Y be two orthonormal vectors in the tangent space 
T X M . Then the scalar curvature K of (L(M),g) and K of (M, g) are related 
as follows 

K{X\ Y h ) = K(X, Y) - | a *\ R ( X ' y KI 2 ' 

i 

K (X v,i yvM = Md(X, Ui ) 2 + g(Y, Ui ) 2 ) + B, 
1 ' 1 a l + P l {g{X,u t ) 2 + g{Y,u l ) 2 )' 
K(X v '\Y v ' j ) = fori ^3. 
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In particular, if (M, g) is of constant sectional curvature k, then 

K(X h , Y h ) = K- \k 2 + 9(Y, Ui) 2 ), 

i 

-77 1 x h v v ' i '\ K2a i9( x > u i) 2 > n 
1 ' } 4(a i + p ig (Y, Ui )) " 

If, moreover, Y!,i a i(U)ti < ^ for all t { > 0, then K(X h ,Y h ) > 0. 

Proof. The formula for K follows by Proposition 13.31 Since g(X, Ui) 2 + 
g(Y,Ui) 2 < \ui\ 2 , hence, if (M,g) is of constant sectional curvature and 
Y^i a i{U)U < j^, then 

K(X h , Y h ) > k - jK 2 «*H 2 > 0. 



□ 



Corollary 3.6. The scalar curvature s of (L(M),g) at u G L(M) is of the 
form 



s = s - - ^ a k \R{e h ej)uk\' 



4 

, ( i ,\ B k , 2(nA k a k - B k (3 k ) 2 (n + 3)C k f3 k 

+ } n(n-l) 1 2 K H 2 K 

k \ a k ol\ a 2 

(n - l)(3 k (B k (2a k + (3 k ) + A k a k ) 2C k (3 2 f 

«2(« fc + \ Uk \*p k ) + a 2 (a k + \u k \^ k ) m 

where s is the scalar curvature of (M,g) and ej, . . . ,e n is an orthonormal 
basis in T X M , hl(m)( u ) = x. 

Proof. Fix u G L(M) and let ei, . . . , e n be an orthonormal basis in T X M, 
7r L(M)(' u ) = Then (12. 3 j) forms a basis of T U L(M). Put 

ft* = ^( e r fc > e j' fe ) = <*k8ij + Pk9(ei,u k )g(ej,u k ). 
The inverse matrix (g k 3 ) to (^) is of the form 

a k a k {a k + \u k \ 2 p k ) 



Hence 



5 = £ g{R{el ej)ej, ef ) + 2 £ ^(£(e? , ej*)e**« e? ) 
+ £ #^(^r*.e?*)er'*,e?'*) 



i,j,k,l,p 
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Follows now from Proposition 13.31 and the equality 

^2 \R{e. h ej)u k \ 2 = ^ \ R { u k,ej)ei)\ 2 . □ 

In the case of a Cheeger-Gromoil type metric we have: 
Corollary 3.7. Assume 

at{t) = fat) = — , t > 0. 

Then 

mx v,i yvM -U(9(X, Ujf + g(Y, Ujf) + tj + 3U + 3 
1 ' ] + + giX^f + giY^f) ' 

where ti = \ui\ 2 . In particular, if(M,g) is of constant sectional curvature 
< k < then sectional curvature K is nonnegative. 

Proof. We have 

EaAtMj = — - — < — for all ts > 

i i 

if and only if < « < ^. Hence, by Corollary E3J K(X h , Y h ) > for 
X,7 £ T X M unit and orthogonal. Moreover, g(X, Ui) 2 +(Y, Ui) 2 < \ui\ 2 = ti. 
Thus 

V ; " tiil + ti) 2 Uiu + 1) 
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